We apply the method of topological quantization to obtain the bosonic string topological spectrum propagating on a flat background. We define the classical configuration of the system, and construct the corresponding principal fiber bundle (pfb) that uniquely represents it. The topological spectrum is defined through the characteristic class of the pfb. We find explicit expressions for the topological spectrum for particular configurations of the bosonic strings on a Minkowski background and show that they lead to a discretization of the total energy of the system.
I. INTRODUCTION
The main motivation to develop the method of topological quantization is to find an alternative to the ideas that prevail about the quantization of the gravitational fields. Nevertheless, as the method evolved we found ourselves exploring other classical theories with well established quantum counterparts, such as nonrelativistic quantum mechanics (finite number of degrees of freedom) and the bosonic string theory. So far, the canonical quantization, the most successful method to describe the discrete features of nature, still has to work out some answers for the theory of General Relativity. There are some unsolved challenges in the quantization of gravity, among them we find the problem of time, the lack of understanting of the ultimate meaning of the quantization of spacetime, the causality issues due to a fluctuant metric, the reconstruction problem and the appearance of nonrenormalizable divergences 3, 9 . At the present time, the main candidates for a quantum theory of gravity,
i.e., string theory and loop quantum gravity, both use canonical quantization as it stands.
We propose, with the method of topological quantization, to extract the discrete nature of physical systems without making assumptions or putting by hand any rule external to the geometric/topological structure that we use to represent the system under study.
Dirac's idea 7 about the discretization of the relation between the charge of a magnetic monopole and a moving electron in the field generated by the former was the starting point to propose topological quantization as an alternative way of understanding the discrete nature of physical systems. In particular, the method was utilized to analyze the case of gravitational fields 19, 20 and developed further for mechanical systems [16] [17] [18] . The concept of topological quantization and the fundamental idea beneath these calculations has been broadly used in different contexts related to charge quantization in Yang-Mills theories 6 , instantons and monopoles configurations 23, 24 , topological models of electromagnetism 22 , current quantization of nanostructures 2 and in the theory of superconductors 4, 11 . Its relation to the cohomology theory has been also analyzed 1 . Examples of topological quantization can also be found in text books where its geometric formulation is applied to physical systems described by a hermitian line bundle 8 . We will generalize this approach to include the case of an arbitrary physical system in the sense that we will provide a strict mathematical definition of classical configurations. Furthermore, the complete picture of topological quantization should also include the definition of states and its dynamical evolution in terms of geometric/topological structures, which, currently, is under research. In the beginning of this program we already established the geometric representation of the physical systems and from it we defined the topological spectrum.
In the next section we briefly review some general aspects of the bosonic string theory.
In section III we give some elements of topological quantization and state the existence and unicity of the principal fiber bundle (pfb) that represents the physical system, followed by the general definition of topological spectrum. Section IV addresses the construction of the particular pfb and the definition of the topological spectrum for a bosonic string in a general background spacetime. In section V, we turn our attention to the case of the bosonic string on a Minkowski background and its pfb. The analysis of the topological spectrum for some particular configurations is carried out. Finally, in section VI we discuss our results and consider their implications over the embedding energy of the string.
II. GENERAL ASPECTS OF THE BOSONIC STRING
The action integral for the free bosonic string moving in a general spacetime is given by the Nambu-Goto (N-G) action 10, 21 , which is proportional to the area of the worldsheet that describes the propagation of the string over a fixed background. To review this, consider a two-dimensional manifold M parametrized by x a , a = 1, 2, and a D-dimensional manifold N with coordinates X µ , µ = 0, . . . , D − 1 and a metric tensor G. Let X : M → N be a smooth map from M, the worldsheet, to the spacetime N . The induced metric on the embedded worldsheet is given by the pullback of G through the X mapping, g = X * G, whose components are,
Then, the N-G action is written out in terms of the induced metric as,
where T is the tension of the string and g ≡ det(g ab ). The N-G action has two symmetries, the invariance under diffeomorphism on the worldsheet x a = x a (x) and the invariance under diffeomorphisms on the spacetime X µ = X µ (X).
It is usual to start from an action, classically equivalent to (2), in which an auxiliary metric field γ is introduced on the worldsheet,
where α is related to the string tension by T = 1 2πα
. This is known as the Polyakov action 10, 21 and from a mathematical point of view is a harmonic map (or nonlinear sigma model) 12 . If we vary the Polyakov action with respect to the field γ we obtain the twodimensional energy-momentum tensor T ab = 4π √ γ δS P δγ ab for the worldsheet,
which can be understood as a set of constraints that, among other things, suffice to prove the equivalence of (2) and (3).
Varying with respect to X µ the equations of motion that determine the dynamics of the string propagating in the spacetime follow,
with ∂ a ≡ ∂ ∂x a . When the background metric is G µν = η µν the equations become,
We are interested in exact solutions to (6) as they will be necessary to find the induced metric which has a fundamental role in the explicit calculation of the topological spectrum.
The Polyakov action possesses, besides the two symmetries of the N-G action, a third invariance under the Weyl transformation, a local rescaling of the metric tensor γ = e ω(x) γ.
In section V we will analyze the general solution of (6) in order to find the topological spectrum for some configurations.
III. FUNDAMENTALS OF TOPOLOGICAL QUANTIZATION
A complete description of a physical system must include observables, states and its dynamical evolution. We further know that sometimes the observables have a discrete behavior. It is the aim of topological quantization to provide these three elements for any physical system from a geometric/topological outset and to find out if there is a discrete pattern in such description. Nowadays, we have established the first part of the method, which refers to the definition of the topological spectrum for some observables, meanwhile the definition of states and their dynamics remains as work in progress.
We present here some basic elements for the definition of the topological spectrum. We define the classical configuration as a unique pair (M, ω) composed by a Riemannian manifold M and a connection ω that represents the physical system. Uniqueness, in this case, means that two isomorphic manifolds with the same connection are identical classical configurations. As an example consider a gauge theory over a Minkowski spacetime M η ; this Riemannian manifold together with the connection one-form A, which takes values in the Lie algebra of a gauge group G, form the classical configuration.
Furthermore, with the classical configuration we can build the pfb P, using the Riemannian manifold M as the base space and the symmetry group of the theory G as the structure group identical to the standard fiber.
Given a local section s i which bears a local trivialization (U i , φ i ) where U i ⊂ M and 14 , it is possible to introduce a connectionω on P through the pullback s * iω = ω i where ω i is the connection ω on the open set U i in the base space M. It can be shown that using these elements and the reconstruction theorem 13,14 a unique principal fiber bundle exists which represents the physical system for the considered classical configuration.
This has been done in the context of gravitational fields 20 and for mechanical systems 18 . We shall show a similar result for the case in turn.
Once we have constructed the principal fiber bundle P from the classical configuration (M, ω) the topological invariant properties of P can be used to characterize the physical system. This can be done employing the characteristic class of the pfb C(P), that integrated over a cycle of M constitutes also an invariant of the bundle. The characteristic class C(P),
properly normalized leads to,
where n is an integer called the characteristic number 5 . For the cases we analyze, the symmetry group of the theory may be reduced to an orthogonal group SO(k) by introducing an orthonormal frame on the base manifold. Then, the characteristic class for such bundles is the Pontrjagin class p(P), or the Euler class e(P) in case of k being an even integer.
These characteristic classes can be spelled out in terms of the curvature two-form R of the base space by means of the polynomials invariant under the action of the structure group
The Euler class e(P), only defined for even k, is expressed in terms of the curvature two-form R of a (pseudo-)Riemannian connection on the base space as 5, 15 ,
where 2m = k. It is clear that being in terms of the curvature form, the characteristic classes depend on some parameters λ i , i = 1, . . . , s which bear physical information of the system; thus, once we integrate the characteristic class, we end up with a discrete relation for λ i ,
where n ∈ Z. This relationship is what we define as the topological spectrum and constitutes a discretization for some of the parameters determining the properties of the physical system of interest. In the next section we will explore in detail these definitions and the existence and uniqueness of the pfb for the bosonic string system.
IV. BOSONIC STRING ON A GENERAL BACKGROUND
In this section we construct explicitly the principal fiber bundle for the bosonic string on a general background. It is natural in this case to consider the worldsheet M embedded in the spacetime N as the base space provided with the induced metric g = X * G. Hence, the classical configuration is (M g , ω), where ω is the Levi-Civita connection on M compatible with g. We take the invariance under diffeomorphisms on the worldsheet as the structure group (isomorphic to the standard fiber), since this is the fundamental symmetry of the two dimensional action integral.
The group of diffeomorphisms on M can be reduced to the orthogonal group by introducing a semiorthonormal frame. Indeed, given {e i } with i = 1, 2, an orientable orthonormal frame on M such that g(e i , e j ) = η ij , two distinct bases are related by an orthogonal trans-
There is a one-form basis {θ i } dual to the orthonormal frame from which it is possible to express the induced metric tensor as
thus, the reduction of the symmetry group to SO(1, 1) is accomplished.
Therefore, the principal fiber bundle P can be constructed from the classical configuration (M g , ω ), with ω the spin connection taking values in the Lie algebra so(1, 1), and SO(1, 1)
as the structure group. This is summarized in the following result:
Theorem: A bosonic string propagating in a general background (N , G) described by the Nambu-Goto action can be represented by a unique principal fiber bundle P, with the semi-Riemannian manifold (M, g) as the base space, SO(1, 1) as the structure group (identical to the standard fiber) and with a g−compatible connection ω which takes values in the Lie algebra so(1, 1).
The proof of this theorem is completely analogous to the one that appears in previous works 18, 20 and we refer the reader to them for the details. It should be sufficient to mention that it rests on the reconstruction theorem for fiber bundles 13 .
The Euler characteristic class for the principal fiber bundle P with a two-dimensional base space and SO(1, 1) as the structure group reduces from (9) to
In the conformal gauge, using coordinates {τ, σ} in Eq.(1), the worldsheet metric turns out to be conformal to the two-dimensional Minkowski metric, g = g σσ η.
In this gauge the Euler characteristic class takes the following explicit form,
Consequently, the determination of the topological spectrum reduces to the computation of the conformal factor g σσ and the integral C(P) = n ∈ Z, regardless of the background metric. This shows for this particular case that the formalism of topological quantization is background independent. We will use this property in the following sections to determine specific topological spectra on diverse backgrounds.
V. BOSONIC STRING ON A MINKOWSKI BACKGROUND
The worldsheet that minimizes the action of a bosonic string propagating in a flat background, G µν = η µν is described by the set of embedding functions {X µ } satisfying the equations of motion
with general solution
We have chosen the conformal gauge to write these and the forthcoming expressions. The set (4) of constraint equations takes the form
from which the conformal factor of the induced metric can be computed. Let us see how in the case of a Minkowski background choosing the light cone gauge leaves no residual gauge freedom. Consider a whole class of gauges given by 25 ,
wheren is a unitary vector which fixes the relation between the parameters of the worldsheet with the spacetime coordinates, andn · X =n µ X ν η µν . The constant β determines whether we are dealing with an open (β = 2) or closed (β = 1) string; P τ is the momentum density along the string, and p the four momentum. Using light cone coordinates for the background space,
the line element for the Minkowski spacetime takes the following form
The light cone gauge is fixed choosing the unitary vectorn as,
Then, the equations (16) that determine this specific gauge read,
wheren · P τ is constant along the string and consequently p + too, and we notice that the gauge is completely fixed.
From this we also see that the parameter σ takes values in the interval [0, 2π] for a closed string (periodic boundary conditions). From the constraints equations (15) in this gauge,
we observe that the component X − can be found once the transverse sector X I (τ, σ), I = 2, . . . , D − 1, is solved; therefore, it does not represent a dynamical degree of freedom.
To obtain the topological spectrum integrating the Euler form (12), we must first find the conformal factor of the induced metric g σσ , which in view of the constraints (21) reduces
It is clear now that the conformal factor only depends on the dynamics of the string, that is, the transverse sector X I for the solution to the equations of motion.
A. Topological spectrum for the closed bosonic string
In this section we will obtain the topological spectrum for some particular configurations (solutions) of the closed bosonic string. In this case periodic boundary conditions must be imposed 10 ,
where σ 1 = 0 and σ 2 = 2π. The solutions are described through two sets of oscillation modes, which are usually interpreted as left moving {α µ k } and right moving {α µ k } waves along the string 21 . In the conformal gauge the solutions may be expressed as,
where, here and throughtout this section, µ = 0, . . . , D − 1 and ω k = k. The periodicity in σ has been considered, leading to the condition that the zero modes are equal,α µ 0 = α µ 0 . The constraints can also be expressed as two independent sets of equations in terms of the modes of oscillation
In the light cone gauge the dynamical fields X I (τ, σ) take the same form as above (26), just considering the transverse index I instead of the spatiotemporal µ. Only these transverse fields enter in the expression for the conformal factor g σσ . We introduce the polar notation for the modes coefficients, α 
Then, the metric function g σσ which determines the Euler characteristic class (12) in this gauge is given in general by a infinite sum of oscillation modes,
involve these modes of oscillation are
where we have expressed the coefficients in the polar notation. In all the other transverse directions J = J 1 , J 2 , the fields describe only the motion of the center of mass, X J (τ, σ) =
The conformal factor for the induced metric is,
and the Euler characteristic class,
In order to integrate the Euler form (32) we must specify the limits in the domain of integration. For the parameter σ the interval is [0, 2π] and is fixed, while for τ we notice that the above expression is periodic in this parameter and we may choose a complete cycle. To perform the integral it is convenient to use null-like coordinates patches that cover the entire domain of integration, for the details of the calculation we refer the reader to the appendix A. In this case, it turns out that the integral of the Euler class vanishes identically, meaning that no discrete relation between the parameters r
l is established. This is so due to the lack of interaction between the modes as they point in perpendicular directions of the background spacetime.
Next we calculate the topological spectrum for the string with two nonvanishing modes of oscillation in the same transverse direction, that is, a right k-mode α 
The conformal factor is given by
and the Euler form as
To obtain the topological spectrum we must integrate this expression for σ ∈ [0, 2π] and a period in τ .
We use the coordinate transformation (A1) and cover the region of integration as explained in Appendix A. For the regions I and IV the Euler characteristic class takes the following form
and for the type II and III we have
The outcome of the integration yields a discrete relation between the amplitudes of the oscillation modes r k andr l ,
k (the case of including a left mode instead can be treated in a similar fashion). The relevant transverse fields are, 
Let us now find out how the restrictions imposed by the topological spectrum reflect on a physical quantity such as the Hamiltonian function. We shall do this for the particular configuration described by the solutions (33) that lead to the relation (38). The Hamiltonian density in the light cone gauge is
so that the Hamiltonian function H = 2π 0
Hdσ for this particular configuration is
On the other hand, from the topological spectrum (38) we can derive an expression for the term ω k r 2 k + ω lr 2 l which, when replaced in the above Hamiltonian, yields
or, equivalently for
and for
We conclude that the topological quantization leads to a discrete Hamiltonian function.
In fact, for any given bosonic string configuration, which corresponds to fixed values of the frequencies and amplitudes, the Hamiltonian can take only those values that are allowed by the discrete relationship (46, 47) which depends explicitly on the integer n. This is the main result of our analysis.
It is interesting to notice that the spectrum of the Hamiltonian is not equidistant, an effect that can be interpreted as a result of the interaction of different modes of oscillation.
For large values of n the value of the Hamiltonian tends to a constant value
k . This behavior is illustrated in figure 2 for both cases and in figure 3 for
FIG. 2. Graphic of the Hamiltonian function with
showing a discrete behavior. The cases √ ω lrl > √ ω k r k and √ ω lrl < √ ω k r k are indicated by squares and triangles, respectively.
The complexity of the calculation rises as we increase the number of distinct modes of oscillation in a given direction. Nevertheless, based on the expressions given above for the spectra of different modes and the simple final form of the Hamiltonian, one can expect similar results for other more complicated configurations.
VI. DISCUSSION
We consistently developed the method to obtain the topological spectrum for a bosonic string moving in a general background. We computed the spectra for some particular configurations in the case of a Minkowski background space. The results are discrete relations between the amplitude of the modes of oscillation that describe the dynamics of the string.
These relations account for an allowed set of embeddings of the worldsheet in the background spacetime. That is, the solutions X µ = X µ (τ, σ) which describe the embedding of the string in the spacetime are parametrized by a set of numbers constituting the modes of oscillation;
then, in principle, one might be tempted to believe that any combination of these numbers may be realized. The topological spectrum sets restrictions to the values that these numbers can take, in particular the amplitudes of the modes of oscillation, thus limiting the cases of valid embeddings, which in our perspective seems very interesting. As a consequence, the Hamiltonian corresponding to the energy of the worldsheet becomes a discrete quantity that corresponds to each allowed embedding.
Due to the complexity of the computations, the above discretization was performed only for a limited number of oscillations. Nevertheless, the symmetry of the expressions for the solution and the topological spectrum allows us to conjecture the behavior of the discreteness in general. In fact, the general Hamiltonian for a closed string can be shown to be
Then, we can infer the general spectrum
which reduces to the spectra (38), (41), and (42) in the corresponding limiting cases. Moreover, notice that if we consider the simple case of one single oscillation in only one direction, or one single oscillation in different directions, the expression inside the logarithm reduces to one, so that n = 0 and no discretization appears. It then follows that oscillations in different transverse directions do not interact with each other. As soon as we consider a configuration with at least two different modes of oscillation in the same direction, the topological spectrum becomes nontrivial, leading to discrete relationships between different modes.
The general spectrum (49) could be used to rewrite the general Hamiltonian (48) in such a way that the discreteness of the energy becomes plausible, as in the particular Hamiltonian (45). The final expression of the Hamiltonian, however, will depend on the relation between different modes of oscillation as, for example, given in Eq.(46).
One important result of the investigation of the topological spectrum of bosonic strings is that it does not depend on the background spacetime, in the sense that the expression for the spectrum depends only on the conformal factor of the induced metric which, in turn, can easily be derived, independently of the specific form of the background metric. This opens the possibility of investigating discretization conditions for bosonic strings moving on curved backgrounds in the same manner as described in the present work. This issue is currently under investigation.
It would be interesting to compare the discretization conditions which follow from topological quantization with those that appear in the context of canonical quantization. However, this comparison is not yet possible. In fact, as mentioned before, two important elements of the quantization procedure are still lacking in the approach presented here, namely, the concepts of quantum states and quantum evolution. 
where four types of regions are used to cover the whole domain of integration as seen in The Euler form has the following aspect in this gauge, e(P) = ± 2 π (r This procedure to perform the integration is employed for the other particular configurations considered.
